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APPLICATIONS OF QUADRUPLED FIXED POINT THEOREMS IN C∗−
ALGEBRA VALUED GENERALIZED METRIC SPACES

RAJESH SHRIVASTAVA AND SACHIN MOKHLE

Abstract. We introduce the concept of quadrupled fixed point theorems in C∗−algebra-valued

b-metric space and gives some basic fixed point theorems for self-map with contractive condition

on such spaces. As applications, existence and uniqueness results for a type of operator equation

and an integral equation are given.

1. Introduction

Since the year 1922, Banachs contraction principle, due to its simplicity and applicability, has

became a very popular tool in modern analysis, especially in nonlinear analysis including its ap-

plications to differential and integral equations, variational inequality theory, complementarity

problems, equilibrium problems, minimization problems and many others. Also, many authors

have improved, extended and generalized this contraction principle in several ways. Existence of

fixed points in ordered metric spaces has been initiated in 2004 by Ran and Reurings [20] further

studied by Nieto and Rodriguez - Lopez [17]. Samet and Vetro [21] introduced the notion of fixed

point of N order in case of single-valued mappings. It should be noted that through the coupled

fixed point (for N = 2) and tripled fixed point (for N = 3) technique we cannot solve a system

with the following form:

x4 + 6yzw − 9x+ 12 = 0,

y4 + 6xzw − 9y + 12 = 0,

z4 + 6yxw − 9z + 12 = 0

w4 + 6yxz − 9w + 12 = 0.

In particular for N = 4 (Quadruple case) i.e., Let (X,�) be partially ordered set and (X, d)

be a complete metric space. We consider the following partial order on the product space X4 =

X ×X ×X ×X

(u, v, r, t) � (x, y, z, w) iff x � u, y � v, z � r, t � w, (1.1)
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where (u, v, r, t), (x, y, z, w) ∈ X4.

In 1989, Bakhtin [4] introduced b-metric space as a generalization of metric space. Since then,

more other generalized b-metric spaces such as b-metric-like spaces [2], quasi-b-metric spaces [22]

and quasi-b-metric-like spaces [23] were introduced. Recently, Ma and Jiang [15] initially intro-

duced the concept of a C∗ -algebra-valuedb-metric space which generalized the concept of b-metric

spaces, and they established certain basic fixed point theorems for self-map with contractive con-

dition in this new setting. In 2016, Kamran et al. [9] also introduced the concept of C∗ -algebra-

valued b-metric space, and they generalized the Banach contraction principle on such spaces.

Regarding this partial order Karapinar [11] give the following definitions,

Definition 1. Let (X,�) be partially ordered set and F : X4 → X. We say that F has the mixed

monotone property if F (x, y, z, w) is monotone non decreasing in x and z and it is monotone non

increasing in y and w, that is, for any x, y, z, w ∈ X

x1, x2 ∈ X, x1 � x2 =⇒ F (x1, y, z, w) � F (x2, y, z, w)

y1, y2 ∈ X, y1 � y2 =⇒ F (x, y2, z, w) � F (x, y1, z, w)

z1, z2 ∈ X, z1 � z2 =⇒ F (x, y, z1, w) � F (x, y, z2, w)

w1, w2 ∈ X, w1 � w2 =⇒ F (x, y, z, w2) � F (x, y, z, w1) (1.2)

Definition 2. An element (x, y, z, w) ∈ X4 is called a quadruple fixed point of F : X4 → X if

F (x, y, z, w) = x, F (y, z, w, x) = y,

F (z, w, x, y) = z, F (w, x, y, z) = w. (1.3)

Definition 3. Let (X, d) be a complete metric space. It is called metric on X4, the mapping

d : X ×X → X with

d[(x, y, z, t), (u, v, w, s)] = d(x, u) + d(y, v) + d(z, w) + d(t, s).

In this paper we studied some quadrupled fixed point theorems in the context of complete C∗

-algebra-valued metric spaces.

Motivated by the work in [15, 9, 11, 12, 10], in this paper, we will establish quadrupled fixed point

theorems in C∗ -algebra-valued b-metric space. More precisely, we will prove some quadrupled fixed

point theorems for the mapping with different contractive conditions on such spaces.

For convenience, we now recall some basic definitions, notations, and results of C∗ -algebra.

The details of C∗ -algebras can be found in [13].

Let A be an algebra. An involution on A is a conjugate linear map a 7→ a∗ such that (a∗)∗ = a

and (ab)∗ = b∗a∗ for all a, b ∈ A . The pair (A, ∗) is called a∗-algebra. If A contains the identity

element 1A , then (A, ∗) is called a unital∗-algebra. A *-algebra A together with a complete
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submultiplicative norm such that ‖a∗‖ = ‖a‖ is said to be a Banach *-algebra. Moreover, if for

all a ∈ A , we have ‖a∗a‖ = ‖a‖2 in a Banach *-algebra, then A is known as a C∗ -algebra.

An element a of a C∗ -algebra A is positive if a = a∗ and its spectrum σ(a) ⊂ R+ , where

σ(a) = {λ ∈ R : λ1A-a is not invertible} . Each positive element a of C∗ -algebra A has a unique

positive square root. The set of all positive elements will be denoted by A+ . There is a natural

partial ordering on the elements of A given by

a � b ⇐⇒ b− a ∈ A+.

If a ∈ A+ , then we write a � 0A , where 0A is the zero element ofA . In the following, we always

assume that A is a unital C∗ -algebra with identity element1A .

Let A′ = {a ∈ A : ab = ba,∀b ∈ A} , and A′+ = A+ ∩ A′ . From [15, 9], we now give the

definition of C∗ -algebra-valued b-metric as follows.

Definition 4. Let A be a C∗ -algebra, and X be a nonempty set. Let b ∈ A′+ be such that ‖b‖ ≥ 1.

A mapping db : X × X → A+ is said to be a C∗ -algebra-valued b-metric on X if the following

conditions hold for all x, y, z ∈ A :

1. db(x, y) = 0A if and only if x = y ;

2. db(x, y) = db(y, x) ;

3. db(x, y) � b[db(x, z) + db(z, y)] .

The triplet (X,A, db) is called a C∗ -algebra-valued b-metric space with coefficient b.

Remark 5. From Example 2.1 in [9], we know that a C∗ -algebra-valued metric space is C∗

-algebra-valued b-metric space, but the converse is not true.

Definition 6. Let (X,A, db) be a C∗ -algebra-valued b-metric space, x ∈ X , and {xn} a sequence

in X. Then:

1. {xn} converges to x with respect to A whenever for any ε > 0 there is anN ∈ N such that

‖db(xn, x)‖ < ε for all n > N . We denote this by limn→∞ xn = x or xn → x .

2. {xn} is a Cauchy sequence with respect to A if for each ε > 0 , there is an N ∈ N such

that ‖db(xn, xm)‖ < ε for all n,m > N .

3. (X,A, db) is complete if every Cauchy sequence in X is convergent with respect to A .

Lemma 7. Assume that A is a unital C∗ -algebra with a unit 1A .

1) For any x ∈ A+ , we have x � 1A ⇔ ‖x‖ ≤ 1 ;

2) if a ∈ A+ with ‖a‖ < 1
2 , then 1A − a is invertible and ‖a(1A − a)−1‖ < 1 ;

3) assume that a, b ∈ A with a, b � 0A and ab = ba , then ab � 0A ;

4) let a ∈ A′ , if b, c ∈ A with b � c � 0A ,and 1A − a ∈ A′+ is an invertible operator, then

(1A − a)−1b � (1A − a)−1c;
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5) if b, c ∈ Ah = {x ∈ A : x = x∗} and a ∈ A , then b � c =⇒ a∗ba � a∗ca ;

6) if 0A � a � b , then ‖a‖ ≤ ‖b‖ .

Lemma 8. The sum of two positive elements in a C∗ -algebra is a positive element.

Remark 9. From Lemma’s 7(3) and 8 , we know that the condition b ∈ A′+ in Definition 4 is

necessary, in this case, we see that b[db(x, z) + db(z, y)] is a positive element.

2. Main Results

From now on, we denote X4 = X×X×X×X. We begin this section at giving a new quadrupled

fixed point theorem in the setting of C∗ -algebra-valued b-metric space.

Theorem 10. Let (X,A, db) be a complete C∗ -valued b-metric space. Assume that the mapping

T : X4 → X satisfies the following condition:

db
(
T (x, y, z, t), T (u, v, w, s)

)
� a∗db(x, u)a+ a∗db(y, v)a+ a∗db(z, w)a+ a∗db(t, s)a, (2.1)

for all x, y, z, t, u, v, w, s ∈ X, where a ∈ A with 4‖a‖2‖b‖2 < 1. Then T has a unique quadrupled

fixed point in X. Moreover, T has a unique fixed point in X.

Proof. Let x0, y0, z0, t0 ∈ X . Define four sequences {xn}, {yn}, {zn} and {tn} in X by the iterative

scheme as

xn+1 = T (xn, yn, zn, tn), yn+1 = T (yn, zn, tn, xn),

zn+1 = T (zn, tn, xn, yn), tn+1 = T (tn, xn, yn, zn).

By using the condition 2.1, for n ∈ N , we obtain

db(xn, xn+1) =db
(
T (xn−1, yn−1, zn−1, tn−1), T (xn, yn, zn, tn)

)
�a∗db(xn−1, xn)a+ a∗db(yn−1, yn)a+ a∗db(zn−1, zn)a+ a∗db(tn−1, tn)a

=a∗Mna,

(2.2)

where

Mn = db(xn−1, xn) + db(yn−1, yn) + db(zn−1, zn) + db(tn−1, tn). (2.3)

Similarly, we get

db(yn, yn+1) = db
(
T (yn−1, zn−1, tn−1, xn−1), T (yn, zn, tn, xn)

)
� a∗Mna. (2.4)

db(zn, zn+1) = db
(
T (zn−1, tn−1, xn−1, yn−1), T (zn, tn, xn, yn)

)
� a∗Mna. (2.5)

and

db(tn, tn+1) = db
(
T (tn−1, xn−1, yn−1, zn−1), T (tn, xn, yn, zn)

)
� a∗Mna. (2.6)
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By 2.2, 2.3, 2.4, 2.5 and 2.6 we have

Mn+1 =db(xn, xn+1) + db(yn, yn+1) + db(zn, zn+1) + db(tn, tn+1)

�a∗
[
db(xn−1, xn) + db(yn−1, yn) + db(zn−1, zn) + db(tn−1, tn)

]
a

+ a∗
[
db(yn−1, yn) + db(zn−1, zn) + db(tn−1, tn) + db(xn−1, xn)

]
a

+ a∗
[
db(zn−1, zn) + db(tn−1, tn) + db(xn−1, xn) + db(yn−1, yn)

]
a

+ a∗
[
db(tn−1, tn) + db(xn−1, xn) + db(yn−1, yn) + db(zn−1, zn)

]
a

�(2a)∗
[
db(xn−1, xn) + db(yn−1, yn) + db(zn−1, zn) + db(tn−1, tn)

]
(2a)

�(2a)∗Mn(2a).

(2.7)

Thus, from 2.7 and Lemma 7 , we have

0A �Mn+1 � (2a)∗Mn(2a) � · · · �
[
(2a)∗

]n
M1(2a)n. (2.8)

If M1 = 0A , then from Definition 3 we easily know that (x0, y0, z0, t0) is a quadrupled fixed point

of the mapping T. Now, let 0A �M1 . Let n,m ∈ N with m > n, by using Definition 4, it follows

that

db(xn, xm) �b
[
db(xn, xn+1) + db(xn+1, xm)

]
�bdb(xn, xn+1) + b2

[
db(xn+1, xn+2) + db(xn+2, xm)

]
=bdb(xn, xn+1) + b2db(xn+1, xn+2) + b2db(xn+2, xm)

�bdb(xn, xn+1) + b2db(xn+1, xn+2) + · · ·

+ bm−n−1db(xm−2, xm−1) + bm−n−1db(xm−1, xm).

(2.9)

Similarly, we have

db(yn, ym) �bdb(yn, yn+1) + b2db(yn+1, yn+2) + · · ·

+ bm−n−1db(ym−2, ym−1) + bm−n−1db(ym−1, ym)
(2.10)

db(zn, zm) �bdb(zn, zn+1) + b2db(zn+1, zn+2) + · · ·

+ bm−n−1db(zm−2, zm−1) + bm−n−1db(zm−1, zm).
(2.11)

and

db(tn, tm) �bdb(tn, tn+1) + b2db(tn+1, tn+2) + · · ·

+ bm−n−1db(tm−2, tm−1) + bm−n−1db(tm−1, tm).
(2.12)
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Hence,

db(xn, xm) + db(yn, ym) + db(zn, zm) + db(tn, tm)

� bMn+1 + b2Mn+2 + · · ·+ bm−n−1Mm−1 + bm−n−1Mm

� b
[
(2a)∗

]n
M1(2a)n + b2

[
(2a)∗

]n+1
M1(2a)n+1 + · · ·

+ bm−n−1
[
(2a)∗

]m−2
M1(2a)m−2 + bm−n−1

[
(2a)∗

]m−1
M1(2a)m−1

(2.13)

= b

m−2∑
i=n

bi−n
[
(2a)∗

]i
M1(2a)i + bm−n−1

[
(2a)∗

]m−1
M1(2a)m−1

= b

m−2∑
i=n

bi−n
[
(2a)∗

]i
M

1
2
1 M

1
2
1 (2a)i + bm−n−1

[
(2a)∗

]m−1
M

1
2
1 M

1
2
1 (2a)m−1

= b

m−2∑
i=n

bi−n
(
M

1
2
1 (2a)i

)∗(
M

1
2
1 (2a)i

)
+ bm−n−1

(
M

1
2
1 (2a)m−1

)∗(
M

1
2
1 (2a)m−1

)
= b

m−2∑
i=n

bi−n
∣∣M 1

2
1 (2a)i

∣∣2 + bm−n−1
∣∣M 1

2
1 (2a)m−1

∣∣2
�

∥∥∥∥∥b
m−2∑
i=n

bi−n
∣∣M 1

2
1 (2a)i

∣∣2∥∥∥∥∥1A +
∥∥bm−n−1∣∣M 1

2
1 (2a)m−1

∣∣2∥∥1A

� ‖b‖
m−2∑
i=n

∥∥bi−n∥∥∥∥M 1
2
1

∥∥2∥∥(2a)i
∥∥21A +

∥∥bm−n−1∥∥∥∥M 1
2
1

∥∥2∥∥(2a)m−1
∥∥21A

� ‖b‖1−n
∥∥M 1

2
1

∥∥2 m−2∑
i=n

‖b‖i
∥∥(2a)2

∥∥i1A + ‖b‖−n
∥∥M 1

2
1

∥∥2‖b‖m−1∥∥(2a)2
∥∥m−11A

= ‖b‖1−n
∥∥M 1

2
1

∥∥2 m−2∑
i=n

(
4‖a‖2‖b‖

)i
1A + ‖b‖−n

∥∥M 1
2
1

∥∥2(4‖a‖2‖b‖2)m−11A

→ 0A (as m,n→∞),

(2.14)

by the condition 4‖a‖2‖b‖2 < 1 and ‖b‖ ≥ 1 . Hence {xn}, {yn}, {zn} and {tn} are Cauchy

sequences in X. By the completeness of (X,A, d) , there exist x∗, y∗, z∗, t∗ ∈ X such that xn →

x∗ , yn → y∗, zn → z∗ and tn → t∗ as n → ∞ . We now show that T (x∗, y∗, z∗, t∗) = x∗,

T (y∗, z∗, t∗, x∗) = y∗, T (z∗, t∗, x∗, y∗) = z∗ and T (t∗, x∗, y∗, z∗) = t∗. From Definition 4 and 2.1,

we get

0A �db
(
T
(
x∗, y∗, z∗, t∗

)
, x∗
)
� b
[
db
(
T
(
x∗, y∗, z∗, t∗

)
, xn+1

)
+ db

(
xn+1, x

∗)]
=b
[
db
(
T
(
x∗, y∗, z∗, t∗

)
, T (xn, yn, zn, tn)

)
+ db

(
xn+1, x

∗)]
�ba∗db

(
x∗, xn

)
a+ ba∗db

(
y∗, yn

)
a+ ba∗db

(
z∗, zn

)
a

+ba∗db
(
t∗, tn

)
a+ bdb

(
xn+1, x

∗)→ 0A (n→∞).

(2.15)

So, T (x∗, y∗, z∗, t∗) = x∗ .
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Similarly, we have T (y∗, z∗, t∗, x∗) = y∗, T (z∗, t∗, x∗, y∗) = z∗ and T (t∗, x∗, y∗, z∗) = t∗. Thus,

(x∗, y∗, z∗, t∗) is a quadrupled fixed point of T.

If there exists another quadrupled fixed point (u, v, w, s) of T, then

0A �db
(
x∗, u

)
=db

(
T
(
x∗, y∗, z∗, t∗

)
, T (u, v, w, s)

)
�a∗db

(
x∗, u

)
a+ a∗db

(
y∗, v

)
a+ a∗db

(
z∗, w

)
a+ a∗db

(
t∗, s

)
a,

0A �db
(
y∗, v

)
=db

(
T
(
y∗, z∗, t∗, x∗

)
, T (v, w, s, u)

)
�a∗db

(
y∗, v

)
a+ a∗db

(
z∗, w

)
a+ a∗db

(
t∗, s

)
a+ a∗db

(
x∗, u

)
a,

0A �db
(
z∗, w

)
=db

(
T
(
z∗, t∗, x∗, y∗

)
, T (w, s, u, v)

)
�a∗db

(
z∗, w

)
a+ a∗db

(
t∗, s

)
a+ a∗db

(
x∗, u

)
a+ a∗db

(
y∗, v

)
a,

0A �db
(
t∗, s

)
=db

(
T
(
t∗, x∗, y∗, z∗

)
, T (s, u, v, w)

)
�a∗db

(
t∗, s

)
a+ a∗db

(
x∗, u

)
a+ a∗db

(
y∗, v

)
a+ a∗db

(
z∗, w

)
a,

(2.16)

which implies that

0A �db
(
x∗, u

)
+ db

(
y∗, v

)
+ db

(
z∗, w

)
+ db

(
t∗, s

)
�(2a)∗

(
db
(
x∗, u

)
+ db

(
y∗, v

)
+ db

(
z∗, w

)
+ db

(
t∗, s

))
(2a).

(2.17)

Thus, we have

0 ≤
∥∥db(x∗, u)+ db

(
y∗, v

)
+ db

(
z∗, w

)
+ db

(
t∗, s

)∥∥
≤‖2a‖2

∥∥db(x∗, u)+ db
(
y∗, v

)
+ db

(
z∗, w

)
+ db

(
t∗, s

)∥∥
<

1

‖b‖2
∥∥db(x∗, u)+ db

(
y∗, v

)
+ db

(
z∗, w

)
+ db

(
t∗, s

)∥∥
≤
∥∥db(x∗, u)+ db

(
y∗, v

)
+ db

(
z∗, w

)
+ db

(
t∗, s

)∥∥,
(2.18)

which is a contradiction. Thus, (u, v, w, s) = (x∗, y∗, z∗, t∗) , that is, the quadrupled fixed point is

unique. Finally, we will prove that T has a unique fixed point. Since

0A �db
(
x∗, y∗

)
= db

(
T
(
x∗, y∗, z∗, t∗

)
, T
(
y∗, z∗, t∗, x∗

))
�a∗db

(
x∗, y∗

)
a+ a∗db

(
y∗, z∗

)
a+ a∗db

(
z∗, t∗

)
a+ a∗db

(
t∗, x∗

)
a

=(2a)∗db
(
x∗, y∗

)
(2a),

(2.19)

we have ∥∥db(x∗, y∗)∥∥ ≤ 4‖a‖2
∥∥db(x∗, y∗)∥∥. (2.20)
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It follows from the condition 4‖a‖2 < 1
‖b‖2 ≤ 1 that ‖db(x∗, y∗)‖ = 0 . Hence, x∗ = y∗ = z∗ = t∗.

The proof is completed.

�

Theorem 11. Let (X,A, d) be a complete C∗-algebra-valued metric space. Suppose that the map-

ping F : X4 → X satisfies the following condition

d(F (x, y, z, t), F (u, v, w, s)) ≤ a∗d(x, u)a+ a∗d(y, v)a+ a∗d(z, w)a+ a∗d(t, s)a,

for any x, y, z, t, u, v, w, s ∈ X, where a ∈ A with ‖a‖ < 1
2 . Then F has a unique quadrupled fixed

point. Moreover, F has a unique fixed point in X.

Proof. Taking b = 1A , becomes a special case of Theorem 10.

�

Theorem 12. Let (X,A, db) be a complete C∗ -valued b-metric space. Assume that the mapping

T : X4 → X satisfies the following condition:

db
(
T (x, y, z, t), T (u, v, w, s)

)
� a1db

(
T (x, y, z, t), u

)
+ a2db

(
T (u, v, w, s), x

)
, (2.21)

where x, y, z, t, u, v, w, s ∈ X and a1, a2 ∈ A′+ with ‖a1 + a2‖‖b‖2 < 1 . Then T has a unique

quadrupled fixed point in X. Moreover, T has a unique fixed point in X.

Proof. From a1, a2 ∈ A′+ and Lemma 8, we see that a1db(T (x, y, z, t), u)+a2db(T (u, v, w, s), x) is a

positive element. Choose x0, y0, z0, t0 ∈ X . Set xn+1 = T (xn, yn, zn, tn) ,yn+1 = T (yn, zn, tn, xn),zn+1 =

T (zn, tn, xn, yn) and tn+1 = T (tn, xn, yn, zn) for n = 0, 1, . . . . Applying 2.21, we have

db(xn, xn+1) =db
(
T (xn−1, yn−1, zn−1, tn−1), T (xn, yn, zn, tn)

)
�a1db

(
T (xn−1, yn−1, zn−1, tn−1), xn

)
+ a2db

(
T (xn, yn, zn, tn), xn−1

)
=a2db(xn+1, xn−1) � a2b

[
db(xn+1, xn) + db(xn, xn−1)

]
�a2b2db(xn+1, xn) + a2bdb(xn, xn−1),

(2.22)

which implies that (
1A − a2b2

)
db(xn, xn+1) � a2bdb(xn, xn−1). (2.23)

Moreover, we obtain

db(xn+1, xn) =db
(
T (xn, yn, zn, tn), T (xn−1, yn−1, zn−1, tn−1)

)
�a1db

(
T (xn, yn, zn, tn), xn−1

)
+ a2db

(
T (xn−1, yn−1, zn−1, tn−1), xn

)
=a1db(xn+1, xn−1) � a1b2db(xn+1, xn) + a1bdb(xn, xn−1),

(2.24)

which yields (
1A − a1b2

)
db(xn, xn+1) � a1bdb(xn, xn−1). (2.25)



APPLICATIONS OF QUADRUPLED FIXED POINT THEOREMS 9

From 2.23 and 2.25, we get

(
1A −

(a1 + a2)b2

2

)
db(xn, xn+1) � (a1 + a2)b

2
db(xn, xn−1). (2.26)

Since a1, a2, b ∈ A′+ , we have (a1+a2)b
3 ∈ A′+ and (a1+a2)b

2

3 ∈ A′+ . Moreover, from the condition

‖(a1 + a2)‖‖b‖2 < 1 , we get

∥∥∥∥ (a1 + a2)b

3

∥∥∥∥ ≤ 1

3

∥∥(a1 + a2)
∥∥‖b‖ ≤ 1

3

∥∥(a1 + a2)
∥∥‖b‖2 < 1

3
(2.27)

and

∥∥∥∥ (a1 + a2)b2

3

∥∥∥∥ ≤ 1

3

∥∥(a1 + a2)
∥∥‖b‖2 < 1

3
, (2.28)

which implies that
(

1A − (a1+a2)b
3

)−1
∈ A′+ and

(
1A − (a1+a2)b

2

3

)−1
∈ A′+ with

∥∥∥∥(1A −
(a1 + a2)b2

3

)−1
(a1 + a2)b2

3

∥∥∥∥ < 1 (2.29)

by Lemma 7 (2). Thus, we have by 2.26

db(xn+1, xn) � hdb(xn, xn−1),

where

h =

(
1A −

(a1 + a2)b2

3

)−1
(a1 + a2)b

3
(2.30)

with ‖h‖ ≤ ‖hb‖ < 1 by 2.29. Inductively, for all n ∈ N , we have

db(xn+1, xn) � hndb(x1, x0) = hnm0, (2.31)
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where m0 = db(x1, x0) . Let n,m ∈ N with m > n , by using Definition 4 and 2.29-2.31, we have

db(xn, xm) �b
[
db(xn, xn+1) + db(xn+1, xm)

]
�bdb(xn, xn+1) + b2

[
db(xn+1, xn+2) + db(xn+2, xm)

]
�bdb(xn, xn+1) + b2db(xn+1, xn+2) + · · ·

+ bm−n−1
[
db(xm−2, xm−1) + db(xm−1, xm)

]
�bhnm0 + b2hn+1m0 + · · ·+ bm−n−1hm−2m0 + bm−n−1hm−1m0.

=

m−n−1∑
i=1

bihn+i−1m0 + bm−n−1hm−1m0

=

m−n−1∑
i=1

∣∣m 1
2
0 h

n+i−1
2 b

i
2

∣∣2 +
∣∣m 1

2
0 h

m−1
2 b

m−n−1
2

∣∣2
�‖m0‖

m−n−1∑
i=1

‖h‖n−1‖hb‖i1A + ‖m0‖‖h‖n‖hb‖m−n−11A

�‖m0‖‖h‖n−1‖hb‖
1− ‖hb‖

1A + ‖M0‖‖h‖n‖hb‖m−n−11A

→0A (as m,n→∞).

(2.32)

Hence {xn} is a Cauchy sequence in X. Similarly, we can prove that {yn}, {zn} and {tn} are

also a Cauchy sequence in X. Since (X,A, db) is complete, we see that {xn} {yn}, {zn} and {tn}

converge to some u ∈ X, v ∈ X, w ∈ X and s ∈ X respectively. In the following, we will show

that T (u, v, w, s) = u, T (v, w, s, u) = v, T (w, s, u, v) = w and T (s, u, v, w) = s. By 2.21, we get

db
(
T (u, v, w, s), u

)
�b
[
db
(
xn+1, T (u, v, w, s)

)
+ db(xn+1, u)

]
�b
[
db
(
T (xn, yn, zn, tn), T (u, v, w, s)

)
+ db(xn+1, u)

]
�ba1db

(
T (xn, yn, zn, tn), u

)
+ ba2db

(
T (u, v, w, s), xn

)
+ bdb(xn+1, u)

�ba1db(xn+1, u) + ba2db
(
T (u, v, w, s), xn

)
+ bdb(xn+1, u).

(2.33)

Thus

∥∥db(T (u, v, w, s), u
)∥∥

≤ ‖ba1‖
∥∥db(xn+1, u)

∥∥+ ‖ba2‖
∥∥db(T (u, v, w, s), xn

)∥∥+ ‖b‖
∥∥db(xn+1, u)

∥∥
→ ‖ba2‖

∥∥db(T (u, v, w, s), u
)∥∥, n→∞.

(2.34)

Since 0A � ba2 � (a1+a2)b , we have ‖a2b‖ ≤ ‖(a1+a2)b‖ < 1 by Lemma 7(6). This and 2.34 imply

that ‖db(T (u, v, w, s), u)‖ = 0 . Hence T (u, v, w, s) = u . Similarly, we obtain T (v, w, s, u) = v,

T (w, s, u, v) = w and T (s, u, v, w) = s . Thus (u, v, w, s) is a quadrupled fixed point of T. Now if
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(u∗, v∗, w∗, s∗) is another quadrupled fixed point of T, then

0A �db
(
u, u∗

)
= db

(
T (u, v, w, s), T

(
u∗, v∗, w∗, s∗

))
�a1db

(
T (u, v, w, s), u∗

)
+ a2db

(
T
(
u∗, v∗, w∗, s∗

)
, u
)

�a1db
(
u, u∗

)
+ a2db

(
u∗, u

)
= (a1 + a2)db

(
u, u∗

)
,

(2.35)

so, we get

0 ≤
∥∥db(u, u∗)∥∥ ≤ ‖a1 + a2‖

∥∥db(u, u∗)∥∥ < 1

‖b‖2
∥∥db(u, u∗)∥∥ ≤ ∥∥db(u, v)

∥∥, (2.36)

which implies that ‖db(u, u∗)‖ = 0 , then we have u = u∗ . Similarly, we can get v = v∗, w = w∗

and s = s∗ . Hence, the quadrupled fixed point is unique. Moreover, we will prove the uniqueness

of fixed points of T. By 2.21, we have

db(u, v) =db
(
T (u, v, w, s), T (v, w, s, u)

)
�a1db

(
T (u, v, w, s), v

)
+ a2db

(
T (v, w, s, u), u

)
= (a1 + a2)db(u, v),

(2.37)

similarly we can show that

db(v, w) =db
(
T (v, w, s, u), T (w, s, u, v)

)
�a1db

(
T (v, w, s, u), w

)
+ a2db

(
T (w, s, u, v), v

)
= (a1 + a2)db(v, w),

(2.38)

db(w, s) =db
(
T (w, s, u, v), T (s, u, v, w)

)
�a1db

(
T (w, s, u, v), s

)
+ a2db

(
T (s, u, v, w), w

)
= (a1 + a2)db(w, s),

(2.39)

db(s, u) =db
(
T (s, u, v, w), T (u, v, w, s)

)
�a1db

(
T (s, u, v, w), u

)
+ a2db

(
T (u, v, w, s), s

)
= (a1 + a2)db(s, u),

(2.40)

then

∥∥db(u, u∗)∥∥ ≤ ‖a1 + a2‖
∥∥db(u, u∗)∥∥ < 1

‖b‖2
∥∥db(u, u∗)∥∥ ≤ ∥∥db(u, v)

∥∥, (2.41)

which yields u = v = w = s. This completes the proof. �

Theorem 13. Let (X,A, d) be a complete C∗-algebra-valued metric space. Suppose that the map-

ping F : X4 → X satisfies the following condition

d(F (x, y, z), F (u, v, w)) � ad(F (x, y, z, t), u) + bd(F (u, v, w, s), x),

for any x, y, z, t, u, v, w, s ∈ X, where a, b ∈ A′+ with ‖a‖+‖b‖ < 1. Then F has a unique quadrupled

fixed point. Moreover, F has a unique fixed point in X.

Proof. Taking b = 1A , becomes a special case of Theorem 12. �
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Theorem 14. Let (X,A, db) be a complete C∗ -valued b-metric space. Assume that the mapping

T : X4 → X satisfies the following condition:

db
(
T (x, y, z, t), T (u, v, w, s)

)
� a1db

(
T (x, y, z, t), x

)
+ a2db

(
T (u, v, w, s), u

)
, (2.42)

where x, y, z, t, u, v, w, s ∈ X and a1, a2 ∈ A′+ with (‖a1‖ + ‖a2‖)‖b‖ < 1 . Then T has a unique

quadrupled fixed point in X. Moreover, T has a unique fixed point.

Proof. Since a1, a2 ∈ A′+ , we see that a1db
(
T (x, y, z, t), x

)
+ a2db

(
T (u, v, w, s), u

)
is a positive

element. Similar to the proof of Theorem 12, we construct {xn}, {yn}, {zn} and {tn} such

that xn+1 = T (xn, yn, zn, tn), yn+1 = T (yn, zn, tn, xn) , zn+1 = T (zn, tn, xn, yn) and tn+1 =

T (tn, xn, yn, zn) . By 2.42, we obtain

db(xn, xn+1) =db
(
T (xn−1, yn−1, zn−1, tn−1), T (xn, yn, zn, tn)

)
�a1db

(
T (xn−1, yn−1, zn−1, tn−1), xn−1

)
+ a2db

(
T (xn, yn, zn, tn), xn

)
=a1db(xn, xn−1) + a2db(xn+1, xn),

(2.43)

which implies that

(1A − a2)db(xn, xn+1) � a1db(xn, xn−1).

Since a1, a2 ∈ A′+ with ‖a1‖+‖a2‖ < 1
‖b‖ ≤ 1 , we have 1A−a2 is invertible and (1A−a2)−1a1 ∈ A′+.

Hence

db(xn, xn+1) � (1A − a2)−1a1db(xn, xn−1).

Inductively, for all n ∈ N , we have

db(xn, xn+1) � knm0, (2.44)

where k = (1A − a2)−1a1 and m0 = db(x1, x0) . Since ‖a1‖‖b‖+ ‖a2‖ ≤ (‖a1‖+ ‖a2‖)‖b‖ < 1 , we

have

‖bk‖ =
∥∥(1A − a2)−1a1b

∥∥ ≤ ∥∥(1A − a2)−1
∥∥‖a1‖‖b‖ =

∞∑
i=0

‖a2‖i‖a1‖‖b‖ =
‖a1‖‖b‖
1− ‖a2‖

< 1. (2.45)
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And ‖k‖ ≤ ‖bk‖ < 1 by Lemma 7(6). Let n,m ∈ N with m > n , by using Definition 1.1, (2.16),

and (2.17), we have

db(xn, xm) �b
[
db(xn, xn+1) + db(xn+1, xm)

]
�bdb(xn, xn+1) + b2db(xn+1, xn+2) + · · ·

+ bm−n−1
[
db(xm−2, xm−1) + db(xm−1, xm)

]
�bknM0 + b2kn+1M0 + · · ·+ bm−n−1km−2M0 + bm−n−1km−1M0

=

m−n−1∑
i=1

bikn+i−1M0 + bm−n−1km−1M0

=

m−n−1∑
i=1

∣∣M 1
2
0 k

n+i−1
2 b

i
2

∣∣2 +
∣∣M 1

2
0 k

m−1
2 b

m−n−1
2

∣∣2
�

m−n−1∑
i=1

∥∥M 1
2
0 k

n+i−1
2 b

i
2

∥∥21A +
∥∥M 1

2
0 k

m−1
2 b

m−n−1
2

∥∥21A

�‖M0‖
m−n−1∑

i=1

∥∥(bk)
i
2

∥∥2∥∥k n−1
2

∥∥21A + ‖M0‖
∥∥(bk)

m−n−1
2

∥∥2∥∥k n
2

∥∥21A

=‖M0‖‖k‖n−1
m−n−1∑

i=1

‖bk‖i1A + ‖M0‖‖bk‖m−n−1‖k‖n1A

=‖M0‖‖k‖n−1
‖bk‖ − ‖bk‖m−n

1− ‖bk‖
1A + ‖M0‖‖bk‖m−n−1‖k‖n1A

�‖M0‖‖bk‖
1− ‖bk‖

‖k‖n−11A + ‖M0‖‖bk‖m−n−1‖k‖n1A

→0A (as m,n→∞).

(2.46)

Hence {xn} is a Cauchy sequence. Similarly, we can prove that {yn}, {zn} and {tn} are also

a Cauchy sequence. Since (X,A, db) is complete, there are u, v, w, s ∈ X such that xn → u,

yn → v, zn → w and tn → s as n → ∞ . In the following, we will show that T (u, v, w, s) = u,

T (v, w, s, u) = v, T (w, s, u, v) = w and T (s, u, v, w) = s. From 2.42, we get

db
(
T (u, v, w, s), u

)
�b
[
db
(
xn+1, T (u, v, w, s)

)
+ db(xn+1, u)

]
�b
[
db
(
T (xn, yn, zn, tn), T (u, v, w)

)
+ db(xn+1, u)

]
�b
[
a1db

(
T (xn, yn, zn, tn), xn

)
+ a2db

(
T (u, v, w, s), u

)
+ db(xn+1, u)

]
=ba1db(xn+1, xn) + ba2db

(
T (u, v, w, s), u

)
+ bdb(xn+1, u),

(2.47)

which implies that

db
(
T (u, v, w, s), u

)
� (1A − a2b)−1ba1db(xn+1, xn) + (1A − a2b)−1db(xn+1, u). (2.48)
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Thus db(T (u, v, w, s), u) = 0A . Equivalently, T (u, v, w, s) = u . Similarly, we can obtain

T (v, w, s, u) = v, T (w, s, u, v) = w and T (s, u, v, w) = s. Now if (u∗, v∗, w∗, s∗) is another quadru-

pled fixed point of T, then

0A �db
(
u, u∗

)
= db

(
T (u, v, w, s), T

(
u∗, v∗, w∗, s∗

))
�a1db

(
T (u, v, w, s), u

)
+ a2db

(
T
(
u∗, v∗, w∗, s∗

)
, u∗
)

= a1db(u, u) + a2db
(
u∗, u∗

)
= 0A,

(2.49)

so, we get db(u, u
∗) = 0A , which yields u∗ = u . Similarly, we have v∗ = v, w∗ = w and s∗ = s.

Thus, (u, v, w, s) is the unique quadrupled fixed point of T. Finally, we will show the uniqueness

of fixed points of T. By 2.42, we have

db(u, v) =db
(
T (u, v, w, s), T (v, w, s, u)

)
�a1db

(
T (u, v, w, s), u

)
+ a2db

(
T (v, w, s, u), v

)
= 0A,

(2.50)

similarly we can show that

db(v, w) =db
(
T (v, w, s, u), T (w, s, u, v)

)
�a1db

(
T (v, w, s, u), v

)
+ a2db

(
T (w, s, u, v), w

)
= 0A,

(2.51)

db(w, s) =db
(
T (w, s, u, v), T (s, u, v, w)

)
�a1db

(
T (w, s, u, v), w

)
+ a2db

(
T (s, u, v, w), s

)
= 0A,

(2.52)

db(s, u) =db
(
T (s, u, v, w), T (u, v, w, s)

)
�a1db

(
T (s, u, v, w), s

)
+ a2db

(
T (u, v, w, s), u

)
= 0A,

(2.53)

which implies that u = v = w = s.

�

Theorem 15. Let (X,A, d) be a complete C∗-algebra-valued metric space. Suppose that the map-

ping F : X4 → X satisfies the following condition

d(F (x, y, z, t), F (u, v, w, s)) � ad(F (x, y, z, t), x) + bd(F (u, v, w, s), u),

for any x, y, z, t, u, v, w, s ∈ X, where a, b ∈ A+ with ‖a‖+‖b‖ < 1. Then F has a unique quadrupled

fixed point. Moreover, F has a unique fixed point in X.

Proof. Taking b = 1A, becomes a special case of Theorem 14. �
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3. Application

As an application of quadrupled fixed point theorems on complete C∗ -algebra-valued b-metric

spaces, we prove here the existence and uniqueness of a solution for a Fredholm nonlinear integral

equation. Let E be a Lebesgue-measurable set with m(E) <∞ and X = L∞(E) denote the class

of essentially bounded measurable functions on E. Consider the Hilbert space L2(E) . Let the

set of all bounded linear operators on L2(E) be denoted by B(L2(E)). Obviously, B(L2(E)) is a

C∗-algebra with usual operator norm. Let K1,K2,K3,K4 : E4 → R , assume that there exist four

continuous functions f1, f2, f3, f4 : E4 → R and a constant α ∈
(
0, 1

16

)
such that for all x, y ∈ X

and u, v, w, s ∈ E , we have∣∣K1

(
u, v, w, s, x(v)

)
−K1

(
u, v, w, s, y(v)

)∣∣ ≤ α∣∣f1(u, v, w, s)
∣∣∣∣x(v)− y(v)

∣∣, (3.1)

∣∣K2

(
u, v, w, s, x(v)

)
−K2

(
u, v, w, s, y(v)

)∣∣ ≤ α∣∣f2(u, v, w, s)
∣∣∣∣x(v)− y(v)

∣∣, (3.2)

∣∣K3

(
u, v, w, s, x(v)

)
−K3

(
u, v, w, s, y(v)

)∣∣ ≤ α∣∣f3(u, v, w, s)
∣∣∣∣x(v)− y(v)

∣∣, (3.3)

∣∣K4

(
u, v, w, s, x(v)

)
−K4

(
u, v, w, s, y(v)

)∣∣ ≤ α∣∣f4(u, v, w, s)
∣∣∣∣x(v)− y(v)

∣∣, (3.4)

Example 16. Consider the integral equation

x(t) =

∫
E

(
K1

(
u, v, w, s, x(v)

)
+K2

(
u, v, w, s, x(v)

)
+K3

(
u, v, w, s, x(v)

)
+K4

(
u, v, w, s, x(v)

))
dv,(3.5)

where u, v, w, s ∈ E.

Assume that 3.1, 3.2, 3.3 and 3.4 hold. Moreover, if

sup
u∈E

∫
E

∣∣f1(u, v, w, s)
∣∣ dv ≤ 1, sup

v∈E

∫
E

∣∣f2(u, v, w, s)
∣∣ dv ≤ 1,

sup
w∈E

∫
E

∣∣f3(u, v, w, s)
∣∣ dv ≤ 1, sup

s∈E

∫
E

∣∣f4(u, v, w, s)
∣∣ dv ≤ 1

(3.6)

then the integral equation 3.5 has a unique solution in L∞(E) .

Proof. Define db : X ×X → B(L2(E)) as follows:

db(f, g) = π(f−g)2 ,

where πh : L2(E)→ L2(E) is the product operator given by

πh(u) = h · u for u ∈ L2(E).

Working in the same lines as in [15], Example 3.2, we easily see that (X,B(L2(E)), db) is a complete

C∗ -valued b-metric space with b = 2 · 1B(L2(E)) . Let T : X4 → X be

T (x1, x2, x3, x4)(t) =

∫
E

(
K1

(
t, s, r, w, x1(s)

)
+K2

(
t, s, r, w, x2(s)

)
+K3

(
t, s, r, w, x3(s)

)
+K4

(
t, s, r, w, x4(s)

))
ds,
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where t, s, r, w ∈ E. Then by 3.1, 3.2, 3.3, 3.4 and 3.6, we obtain

∥∥db(T (x1, x2, x3, x4), T (u1, u2, u3, u4)
)∥∥

= sup
‖p‖=1

〈π|T (x,y,z)−T (u,v,w)|p, p〉 for every p ∈ L2(E)

= sup
‖p‖=1

∫
E

∣∣T (x1, x2, x3, x4)− T (u1, u2, u3, u4)
∣∣2p(t)p(t) dt

≤4 sup
‖p‖=1

∫
E

[∫
E

∣∣K1

(
t, s, r, w, x1(s)

)
−K1

(
t, s, r, w, u1(s)

)∣∣ ds]2∣∣p(t)∣∣2 dt
+ 4 sup

‖p‖=1

∫
E

[∫
E

∣∣K2

(
t, s, r, w, x2(s)

)
−K2

(
t, s, r, w, u2(s)

)∣∣ ds]2∣∣p(t)∣∣2 dt
+ 4 sup

‖p‖=1

∫
E

[∫
E

∣∣K3

(
t, s, r, w, x3(s)

)
−K3

(
t, s, r, w, u3(s)

)∣∣ ds]2∣∣p(t)∣∣2 dt
+ 4 sup

‖p‖=1

∫
E

[∫
E

∣∣K4

(
t, s, r, w, x4(s)

)
−K4

(
t, s, r, w, u4(s)

)∣∣ ds]2∣∣p(t)∣∣2 dt

(3.7)

≤4 sup
‖p‖=1

∫
E

α2

[∫
E

∣∣f1(t, s, r, w)
∣∣∣∣x1(s)− u1(s)

∣∣ ds]2∣∣p(t)∣∣2 dt
+ 4 sup

‖p‖=1

∫
E

α2

[∫
E

∣∣f2(t, s, r, w)
∣∣∣∣x2(s)− u2(s)

∣∣ ds]2∣∣p(t)∣∣2 dt
+ 4 sup

‖p‖=1

∫
E

α2

[∫
E

∣∣f3(t, s, r, w)
∣∣∣∣x3(s)− u3(s)

∣∣ ds]2∣∣p(t)∣∣2 dt
+ 4 sup

‖p‖=1

∫
E

α2

[∫
E

∣∣f4(t, s, r, w)
∣∣∣∣x4(s)− u4(s)

∣∣ ds]2∣∣p(t)∣∣2 dt

(3.8)
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≤4α2 sup
‖p‖=1

∫
E

[∫
E

∣∣f1(t, s, r, w)
∣∣ ds]2∣∣p(t)∣∣2 dt · ∥∥(x1 − u1)2

∥∥
∞

+ 4α2 sup
‖p‖=1

∫
E

[∫
E

∣∣f2(t, s, r, w)
∣∣ ds]2∣∣p(t)∣∣2 dt · ∥∥(x2 − u2)2

∥∥
∞

+ 4α2 sup
‖p‖=1

∫
E

[∫
E

∣∣f3(t, s, r, w)
∣∣ ds]2∣∣p(t)∣∣2 dt · ∥∥(x3 − u3)2

∥∥
∞

+ 4α2 sup
‖p‖=1

∫
E

[∫
E

∣∣f4(t, s, r, w)
∣∣ ds]2∣∣p(t)∣∣2 dt · ∥∥(x4 − u4)2

∥∥
∞

≤4α2 sup
t∈E

[∫
E

∣∣f(t, s, r, w)
∣∣ ds]2 · sup

‖p‖=1

∫
E

∣∣p(t)∣∣2 dt · ∥∥(x1 − u1)2
∥∥
∞

+ 4α2 sup
t∈E

[∫
E

∣∣f2(t, s, r, w)
∣∣ ds]2 · sup

‖p‖=1

∫
E

∣∣p(t)∣∣2 dt · ∥∥(x2 − u2)2
∥∥
∞

+ 4α2 sup
t∈E

[∫
E

∣∣f3(t, s, r, w)
∣∣ ds]2 · sup

‖p‖=1

∫
E

∣∣p(t)∣∣2 dt · ∥∥(x3 − u3)2
∥∥
∞

+ 4α2 sup
t∈E

[∫
E

∣∣f4(t, s, r, w)
∣∣ ds]2 · sup

‖p‖=1

∫
E

∣∣p(t)∣∣2 dt · ∥∥(x4 − u4)2
∥∥
∞

≤4α2
(∥∥(x1 − u1)2

∥∥
∞ +

∥∥(x2 − u2)2
∥∥
∞ +

∥∥(x3 − u3)2
∥∥
∞ +

∥∥(x4 − u4)2
∥∥
∞

)
=4α2db(x1, u1) + 4α2db(x2, u2) + 4α2db(x3, u3) + 4α2db(x4, u4).

(3.9)

Set a = 2α1B(L2(E)) , then a ∈ B(L2(E)) and ‖a‖ = 2α < 1
8 = 1

2‖b‖ . Hence, all the conditions

of Theorem 10 hold. Applying Theorem 10, we see that the integral equation 3.5 has a unique

solution in L∞(E).

�

Example 17. Suppose that H is a Hilbert space, L(H) is the set of linear bounded operators on

H. Let A1, A2, . . . , An, . . . , B1, B2, . . . , Bn, . . . C1, C2, . . . , Cn, . . . D1, D2, . . . , Dn, · · · ∈ L(H) which

satisfy Σ∞n=1(‖An‖+ ‖Bn‖+ ‖Cn‖+ ‖Dn‖) ≤ 1 and Q ∈ L(H)+. Then the operator equation

X − Σ∞n=1(A∗nXAn +B∗nXBn + C∗nXCn +D∗nXDn) = Q

has a unique solution in L(H).

Proof. Set α = (Σ∞n=1‖An +Bn +Cn +Dn‖)p with p ≥ 1, then ‖α‖ ≤ 1. Without loss of generality,

one can suppose that α > 0. Choose a positive operator T ∈ L(H). For X1, X2, X3, X4 ∈ L(H)

and p ≥ 1, set

d(X,Y ) = ‖X − Y ‖pT.

Then d(X,Y ) is a C∗−algebra-valued b-metric and (L(H), d) is complete since L(H) is a Banach

space. Indeed, it suffices to check the third condition of Definition 4 as follows. Suppose that

X,Y, Z ∈ L(H) and set U = X − Z, V = Z − Y. Using the well-known inequality (a + b)p ≤
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(2 max{a, b})p ≤ 2p(ap + bp) for all a, b ≥ 0, we have

‖X − Y ‖p = ‖U + V ‖p ≤ (‖U‖+ ‖V ‖)p

≤ 2p(‖U‖p + ‖V ‖p)

= 2p(‖X − Z‖p + ‖Z − Y ‖p),

which implies that

d(X,Y ) ≤ A[d(X,Z) + d(Z, Y )],

where A = 2pI. Consider the map F : (L(H))4 → L(H) defined by

F (X1, X2, X3, X4) = Σ∞n=1(‖An‖+ ‖Bn‖+ ‖Cn‖+ ‖Dn‖) +Q

Then

d(F (X1, X2, X3, X4), F (U1, U2, U3, U4))

= ‖F (X1, X2, X3, X4)− F (U1, U2, U3, U4)‖pT

= ‖Σ∞n=1(A∗n(X1 − U1)An +B∗n(X2 − U2)Bn + C∗n(X3 − U3)Cn) +D∗n(X4 − U4)Cn)‖pT

≤ ‖Σ∞n=1A
∗
n(X1 − U1)An‖p + ‖Σ∞n=1B

∗
n(X2 − U2)Bn‖p

+‖Σ∞n=1C
∗
n(X3 − U3)Cn‖pT + ‖Σ∞n=1D

∗
n(X4 − U4)Cn‖pT

≤ (Σ∞n=1‖An‖2p‖X1 − U1‖p + Σ∞n=1‖Bn‖2p‖X2 − U2‖p

+Σ∞n=1‖Cn‖2p‖X3 − U3‖p + Σ∞n=1‖Dn‖2p‖X4 − U4‖p

≤ α2(d(X1, U1) + d(X2, U2) + d(X3, U3) + d(X4, U4))

= (αI)∗(d(X1, U1) + d(X2, U2) + d(X3, U3) + d(X4, U4))(αI).

Using Theorem 10, there exists a unique quadrupled fixed point X in L(H). Furthermore, since

Σ∞n=1(A∗nXAn + B∗nXBn + C∗nXCn + D∗nXDn) + Q is a positive operator, the solution is a

Hermitian operator.

�
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[6] Lj. B. Ćirić : Fixed point theorems for multi-valued contractions in complete metric spaces. J Math Anal

Appl. 348(2008), pp 499–507 . doi:10.1016/j.jmaa.2008.07.062
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