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APPLICATIONS OF QUADRUPLED FIXED POINT THEOREMS IN C*—
ALGEBRA VALUED GENERALIZED METRIC SPACES

RAJESH SHRIVASTAVA AND SACHIN MOKHLE

ABSTRACT. We introduce the concept of quadrupled fixed point theorems in C*—algebra-valued
b-metric space and gives some basic fixed point theorems for self-map with contractive condition
on such spaces. As applications, existence and uniqueness results for a type of operator equation

and an integral equation are given.

1. INTRODUCTION

Since the year 1922, Banachs contraction principle, due to its simplicity and applicability, has
became a very popular tool in modern analysis, especially in nonlinear analysis including its ap-
plications to differential and integral equations, variational inequality theory, complementarity
problems, equilibrium problems, minimization problems and many others. Also, many authors
have improved, extended and generalized this contraction principle in several ways. Existence of
fixed points in ordered metric spaces has been initiated in 2004 by Ran and Reurings [20] further
studied by Nieto and Rodriguez - Lopez [I7]. Samet and Vetro [21] introduced the notion of fixed
point of N order in case of single-valued mappings. It should be noted that through the coupled
fixed point (for N = 2) and tripled fixed point (for N = 3) technique we cannot solve a system

with the following form:

4+ 6yzw -9z +12 = 0,
yt 4 62w — 9y +12 = 0,
A4 byzw—92+12 = 0
w4+ 6yzz —9w+12 = 0.

In particular for N = 4 (Quadruple case) i.e., Let (X, <) be partially ordered set and (X,d)
be a complete metric space. We consider the following partial order on the product space X* =

X xXxXxX

(U7U7T7t)j(x7yaz>w) fo xju, yj v, era tjwa (11)
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where (u,v,7,t), (z,y, 2, w) € X*.

In 1989, Bakhtin [4] introduced b-metric space as a generalization of metric space. Since then,
more other generalized b-metric spaces such as b-metric-like spaces [2], quasi-b-metric spaces [22]
and quasi-b-metric-like spaces [23] were introduced. Recently, Ma and Jiang [I5] initially intro-
duced the concept of a C* -algebra-valuedb-metric space which generalized the concept of b-metric
spaces, and they established certain basic fixed point theorems for self-map with contractive con-
dition in this new setting. In 2016, Kamran et al. [9] also introduced the concept of C* -algebra-
valued b-metric space, and they generalized the Banach contraction principle on such spaces.

Regarding this partial order Karapinar [I1] give the following definitions,

Definition 1. Let (X, =) be partially ordered set and F : X* — X. We say that F has the mived
monotone property if F(x,y,z,w) is monotone non decreasing in x and z and it is monotone non

increasing in y and w, that is, for any x,y,z,w € X

r1,290 € X, 11 =X 29 = F(21,y,2,w) =< F(x2,y,z,w)
y,92 € X, y1 2 Yo = F(z,y2,2,w) 2 F(z,y1,2,w)
21,20 € X, 21 X 2z = F(x,y,21,w) 2 F(x,y, 22, w)
wi,we € X, wy = we = F(x,y,z,we) X F(x,y,2,w) (1.2)

Definition 2. An element (z,y,2,w) € X* is called a quadruple fized point of F : X* — X if

F(:I:)y7 Z7 w) tT7 F(y’ Z?’LU?‘,I:) = y)

F(z,w,z,y) = 2z, F(w,z,vy,2)=w. (1.3)

Definition 3. Let (X,d) be a complete metric space. It is called metric on X*, the mapping
d: X x X — X with

d(z,y,2,1), (u,v,w, 5)] = d(z,u) + d(y,v) + d(z, w) + d(t, 5).

In this paper we studied some quadrupled fixed point theorems in the context of complete C*
-algebra-valued metric spaces.

Motivated by the work in [I5} @] [T} 12} [10], in this paper, we will establish quadrupled fixed point
theorems in C* -algebra-valued b-metric space. More precisely, we will prove some quadrupled fixed
point theorems for the mapping with different contractive conditions on such spaces.

For convenience, we now recall some basic definitions, notations, and results of C* -algebra.
The details of C* -algebras can be found in [13].

Let A be an algebra. An involution on A is a conjugate linear map a — a* such that (a*)* = a

and (ab)* = b*a* for all a,b € A . The pair (A, *) is called a*-algebra. If A contains the identity

element 14 , then (A,x) is called a unital*-algebra. A *-algebra A together with a complete
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submultiplicative norm such that ||a*|| = ||a| is said to be a Banach *-algebra. Moreover, if for
all @ € A , we have |Ja*a|| = ||al|?> in a Banach *-algebra, then A is known as a C* -algebra.
An element a of a C* -algebra A is positive if a = a* and its spectrum o(a) C Ry , where
o(a) = {A € R: Ala-a is not invertible} . Each positive element a of C* -algebra A has a unique

positive square root. The set of all positive elements will be denoted by A, . There is a natural

partial ordering on the elements of A given by
a=b << b—aclA,.

If a € Ay |, then we write a = 0 , where 04 is the zero element ofA . In the following, we always
assume that A is a unital C* -algebra with identity elemently, .
Let A" = {a € A : ab = ba,¥b € A} , and A/, = A, NA’ . From [I5], 9], we now give the

definition of C* -algebra-valued b-metric as follows.

Definition 4. Let A be a C* -algebra, and X be a nonempty set. Let b € Al_ be such that ||b|| > 1.
A mapping dp : X x X — Ay is said to be a C* -algebra-valued b-metric on X if the following
conditions hold for all z,y,z € A :

1. dy(z,y) =0p if and only if x =y ;
2. db(:r,y) db(ya ) )
3. dp(z,y) 2 b[dp(z,2) + dp(2,y)] -

(X

The triplet (X, A, dy) is called a C* -algebra-valued b-metric space with coefficient b.

Remark 5. From Ezxample 2.1 in [9], we know that a C* -algebra-valued metric space is C*

-algebra-valued b-metric space, but the converse is not true.

Definition 6. Let (X, A, dy) be a C* -algebra-valued b-metric space, x € X , and {x,} a sequence
i X. Then:

1. {z,} converges to x with respect to A whenever for any € > 0 there is anN € N such that
ldp (2, z)|| < e for alln > N . We denote this by lim, 0o Xy = = o7 Ty, — T .

2. {zn} is a Cauchy sequence with respect to A if for each € > 0 , there is an N € N such
that ||dy(zn, zm)|| <€ for alln,m > N .

3. (X, A, dy) is complete if every Cauchy sequence in X is convergent with respect to A .

Lemma 7. Assume that A is a unital C* -algebra with a unit 1, .

1
2

) Foranyx € Ay , we have x 2 15 & |lz|| <1 ;
) if a € Ay with |a|| < § , then 14 — a is invertible and ||a(1py —a) 7 | <1 ;
3) assume that a,b € A with a,b > 05 and ab = ba , then ab = 04 ;
)

4) leta € A’ , if byc € A withb = c>= 0y ,and 14 — a € A, is an invertible operator, then

(14 — a) b= (1, — a)_lc;
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5) ifbce Ap={z€A:x =2} anda € A , thenb X c = a*ba = a*ca ;
6) if 0o 2 a=<b, then ||lal]| < || .

Lemma 8. The sum of two positive elements in a C* -algebra is a positive element.

Remark 9. From Lemma’s Ij(é’) and@ , we know that the condition b € A, in Deﬁnitz’on 18
necessary, in this case, we see that bldy(x, z) + dp(z,y)] is a positive element.
2. MAIN REsULTS
From now on, we denote X% = X x X x X x X. We begin this section at giving a new quadrupled

fixed point theorem in the setting of C* -algebra-valued b-metric space.

Theorem 10. Let (X, A, dy) be a complete C* -valued b-metric space. Assume that the mapping
T : X* = X satisfies the following condition:

do (T(x,y, 2, 1), T(u,v,w, 5)) = a*dy(x,u)a + a*dy(y,v)a + a*dy(z,w)a + a*dy(t, s)a, (2.1)

for all x,y,2,t,u,v,w,s € X, where a € A with 4||a||?||b||> < 1. Then T has a unique quadrupled

fized point in X. Moreover, T has a unique fixed point in X.
Proof. Let xo,yo, 20, to € X . Define four sequences {z,}, {yn}, {zn} and {¢,,} in X by the iterative
scheme as
Tnt1 = T(Tn, Yn, Zn, tn), Ynt1 = T (Yns 2n, tn, Tn),
Znt1 = T(zZny by Tny Yn), tne1 =T (tn, Tny Yny 2n)-
By using the condition [2.1] for n € N, we obtain
dy (T, Trg1) =dp (T (Tn—1, Yn—-1, Zn—1, tn-1)s T(Tn, Yn» 2n, tn))

2a*dp(Tpn_1,Tn)a + a*dp(Yyn—1,yn)a + a*dy(2n_1, 2n)a + a*dp(tn_1, tn)a (2.2)

=a*M,a,
where
M, = dp(Tn-1,%n) + do(Yn—1,Yn) + dp(2n—1, 2n) + dp(tn—1,tn)- (2.3)
Similarly, we get
Ao (Yn, Ynt1) = do(T(Yn—1, 2n—15tn—1,Tn—1); T(Yn: 2n, tn, Tn)) = a* Mya. (2.4)
dp(zn, 2nt1) = db(T(zn,htn,l,xn,l,yn,l),T(zn,tn,xn,yn)) < a*Mpa. (2.5)

and

dp(tn, tne1) = dp (T(tn,l,xn,l,yn,l,zn,l),T(tn,xn,yn,zn)) < a*Mya. (2.6)
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By 23 3} ) 5] and [2 we have

M1 =dp(@n, Tpt1) + do(Yn, Yn+1) + db(2ns 2n41) + do(tns tny)
a* [do(Tn—1,2n) + do(Yn—1,Yn) + dp(2n—1, 2n) + dp(tn—1,tn)]a
a* [dp(Yn—1,Yn) + db(2n—1, 2n) + dp(tn—1,tn) + dp(2n_1,20)]a
a* [dp(zn—1,2n) + dp(tn—1,tn) + dp(Tn—1,25) + dp(Yn—1,yn)]a (2.7)
a* [dy(tn—1,tn) + dp(Tp—1,2n) + do(Yn—1,Yn) + dp(2n—1, 20 }a
2a)" [dy(zn—1,2n) + dy(Yn—1,Yn) + db(2n—1, 2n) + dp(tn—1, )] (2a

=(2a)* M, (2a).
Thus, from [2.7] and Lemmal [7], we have
04 = M1 < (20)* M, (2a) < -+ < [(20)*]" My (2a)™. (2.8)

If My = 04 , then from Definition [3| we easily know that (zo, yo, 20,t0) is a quadrupled fixed point
of the mapping T. Now, let 04 < M; . Let n,m € N with m > n, by using Definition [ it follows
that
dp(Tn, Tm) jb[db(xn, Tnt1) + dp(Tnt1, mm)]
=<bdy(Ty, Tpy1) + b [db(Tng1, Tnga) + dp(Tnp2, Tm)]
=bdp(Tr, Trg1) + b2 dp(Tri1, Trg2) + 02 dp(Trto, Tom) (2.9)
<bdy (T, Trg1) + D2 dy(Tpy1, Togo) + - -

+ bm_n_ldb(xm—% $’m—l) + bm_n_ldb(xm—la xm)
Similarly, we have

dy(Yn, ym> jbdb(ym yn+1) + b2db(y’ﬂ+13 Ynt2) + o

(2.10)
+ 0"y (Ym—2s Y1) + 0T T A (Yim— 1, Y
dy(2ns 2m) 20y (20, Zn41) + 2dp(2n41, 2ng2) + -
(2.11)
+ bm_n_ldb(2m727 mel) + bm_n_ldb(szl’ Zm)
and
dy(tn, tm) =bdy(t, ta1) + 02 dy(tntrs tyso) + -
(2.12)

+ bminildb(tm—% tm—l) + bminildb(tm—la tm)
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Hence,
db(xnal'm) + db(ynaym) + db(Zn,Zm) + db(t'rutm)
j an+1 + b2Mn+2 +- 4+ bminile—l + bminile
. (2.13)
< b[(2a)*]" My (20)" + 6*[(2a)*]" T My (2a)" T + - -
+ 0™ [(20)7]) T M (20) ™% + 0 [(2a)7] T My (2a)™
m—2 )
=5y b (20)] My (2a) + 6™ [(2a)F] ™ My (2a)™ )
w2 i1 . me1. 1 1
=b ) b7"[(2a) ] MZEMZ (2a)" + 0" " [(2a)*]"TT M ME (2a)™ !
m-2 1 w1 ) 1 e, 1
=b )Y bT(ME(2a)") (ME(2a)") +b™ " (ME (2a)™ )T (M2 (2a)™ 1)
i=n
m—2 ) N o N 9
=b > b M?(2a)'] + b M (20)
e 1 1 (2.14)
<116 S7 b My (2a)' |14+ (o My (20) |14 '
~ i—n 512 il|2 m—n—1 32 m—1(|2
= ol Y 1o a2 1711 20| + [lom =" 7| (2a)™ |1
1—n|[1s3 2~ i 204 —n|lass 12))n)m—1 2m—1
o 12 R 07 i N 1 12t O 10 i 1 1 [ [ Y
5 2m__2 i N2 -1
= [0l M2 17D (AllalPlfll) 1a + 1002 || (4llal?[Bl|*) ™ 1a

— 0a  (as m,n — 00),

by the condition 4[a||?||b||* < 1 and ||b]| > 1 . Hence {z,}, {yn}, {za} and {t,} are Cauchy
sequences in X. By the completeness of (X, A, d) , there exist z*,y*, z*,t* € X such that z,, —
Yy — Y5,z — 2% and t, — t* as m — oo . We now show that T(x*,y*, 2%, t*) = z*,
T(y*, 2%, t*, x*) = y*, T(z*,t*, 2%, y*) = z* and T(¢t*, z*,y*, z*) = t*. From Deﬁnitionand
we get
Oa jdb(T(x*,y*,z*,t*),x*) =< b[db(T(w*,y*,z*,t*),mnﬂ) + db<$n+17x*)}
:b[db(T(x*7y*vZ*»t*)aT(xnvynaznatn)) + db(xn+1ax*)]
(2.15)
=2ba*dy (2", zn)a + ba*dy (y*, yn)a + ba*dy (2%, 20 ) a

—l—ba*db(t*,tn)a + bdb(mn+1,x*) —0s (n— 0).

So, T(x*,y*, z*,t*) = a* .
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Similarly, we have T'(y*, z*,t*,2*) = y*, T(z*,t*,2*,y*) = z* and T(t*,z*,y*,2*) = t*. Thus,
(x*,y*, z*,t*) is a quadrupled fixed point of T.
If there exists another quadrupled fixed point (u,v,w, s) of T, then
04 jdb(x*,u)
:db (T(J?*, y*7 Z*a t*) ) T(U, v, w, 8))
<a*dy (x*, u)a + a*dy (y*, v)a +a*dy (z*, w)a + a*dy (t*, s)a,
0a jdb(y*,v)
:db(T(y*,z*,t*,x*),T(v,w,s,u))
ja*db(y*, v)a + a*db(z*, w)a + a*dy (t*, s)a + a*dy (:v*, u)a,
(2.16)
(N jdb(z*,w)
:db(T(Z*a t*7 .’E*, y*)vT(wa 5, U, 'U))
ja*db(z*, w)a + a*dy (t*, s)a + a*dy (1:*, u)a + a*db(y*, v)a,
()N jdb<t*, S)
:db(T(t*,x*,y*,z*),T(s,u,v,w))
=a*dy (t*, s)a + a*dy (x*, u)a + a*dy (y*, v)a + a*dy (z*, w)a,
which implies that
Oa jdb(m*,u) + db(y*,v) + db(z*,w) +db(t*,5)
(2.17)
=2(2a)* (dp (2", u) + dp (y*,v) + dp (2%, w) + dy (t*, 5)) (2a).
Thus, we have
0 <0, 0) + oo 0) + o w) + (e, 5)|
§H2a||2||db (x*,u) + db(y*,v) + db(z*,w) + db(t*, s) ||
) (2.18)
<l (e, )+l ) + (e w) + ()|

<||do (2%, ) + do (y*,v) + do (2%, w) + db (t*, 5) |,

which is a contradiction. Thus, (u,v,w,s) = (z*,y*, z*,t*) , that is, the quadrupled fixed point is

unique. Finally, we will prove that T has a unique fixed point. Since
0 =dp(z*,y") = do(T (", y", 2", 1), T (", 2", ", 2*))
<a*dy(x*,y")a+ a*dy(y", 2*)a + a*dy (2, 1) a + a*dy (¥, 2% a (2.19)
=(2a)"dy (2", y") (2a),

we have

do (2%, y*) || < 4llall?||do (2, ™) | (2.20)



8 RAJESH SHRIVASTAVA AND SACHIN MOKHLE

It follows from the condition 4||al|? < ”b1”2 < 1 that ||dp(z*,y*)|| = 0 . Hence, z* = y* = z* = t*.
The proof is completed.
|

Theorem 11. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that the map-
ping F : X* — X satisfies the following condition

d(F(z,y,z,t), F(u,v,w,s)) < a*d(z,u)a+ a*d(y,v)a + a*d(z,w)a + a*d(t, s)a,
for any x,y, z, t,u,v,w, s € X, where a € A with ||al| < % Then F has a unique quadrupled fixed

point. Moreover, F' has a unique fixed point in X.

Proof. Taking b =1, , becomes a special case of Theorem
a

Theorem 12. Let (X, A, dp) be a complete C* -valued b-metric space. Assume that the mapping
T : X* = X satisfies the following condition:

db(T(x,y,z,t),T(u,v,w, s)) = a1db(T(z,y, z, t),u) + aody (T(u,v,w, 3),x), (2.21)
where x,y,z,t,u,v,w,s € X and ay,az € A, with ||ay + aol||[b]|> < 1 . Then T has a unique

quadrupled fixed point in X. Moreover, T has a unique fixed point in X.

Proof. From a1, az € A/, and Lemma we see that a1dy(T(z,y, z,t), u) + asdp (T (u, v, w, s),x) is a
positive element. Choose xg, Yo, 20,t0 € X . Set Xpp1 = T(Tn, Yns 2ns tn) sYnt1 = T(Yns Zn, tny Tn)yZnt1 =
T(znytn, TnyYn) and tpp1 = T(tn, Tn, Yn, 2n) for n =0,1,... . Applying [2.21} we have

db(xnv $n+1) =dy, (T(xn—lv Yn—1;2n—1; tn—l)a T(xna Yns Zn, tn))

jaldb (T(xnflu Yn—1,2n—1, tn,1)7 xn) + a2db (T(mna Yny Zn,s tn)a xnfl)

(2.22)
=ady(Tni1, Tno1) = a2b|dp(Tpir, Tn) + dp(Tn, Tpo1))
=agh’dy (T g1, 2n) + agbdy(Tn, Tn-1),
which implies that
(1a — a2b2)db($n7xn+1) = agbdy (@, Tp_1). (2.23)

Moreover, we obtain
dy(Tns1,2n) =dp(T(Zn, Yns Zns tn), T(Tn—1, Yn—1, Zn—1, tn—1))
=2a1dy (T (T, Yn, Zns tn ) Tn—1) + a2dy (T(Tn—1,Yn-1, Zn—1, tn—1), Tn) (2.24)
=a1dy(Trg1, Tno1) = a1b?dp(Trp1, Tn) + a1bdy (T, Tp_1),

which yields

(lA - a1b2)db(xn,xn+1) < ar1bdy(xp, Tp—1). (2.25)
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From and we get

atas) e w). (2.26)

2
Since ay,a2,b € A’, , we have w € A, and % € A’, . Moreover, from the condition

(a1 + a)[[[Ib]|* < 1, we get

(a1 + ag)b 1

|2 < S+ aa)io) < e+ an) 012 < 5 (2:27)
and
[t < Do+ anlipl? < 5 (2:29)
which implies that (1A — M)A € A/, and <1A — M)A € A/ with
H <1A -t aZ)b2>1 (0t et (2.29)
3 3
by Lemma [7] (2). Thus, we have by [2.26]
dp(Tng1,Tn) =2 hdp(Tp, Tn_1),
where
h = (1A _ +3a2)b2>1 (a1 gaz)b (2-30)

with ||h]| < ||kb]| < 1 by Inductively, for all n € N, we have

dp(Tng1,Tn) 2 W dp(x1,20) = h"my, (2.31)
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where mg = dy(z1,20) . Let n,m € N with m > n , by using Definition [4] and we have

dp (T, ) jb[db(wn,xn+1) + dp(Tpa1, xm)]
=<bdy (2, Tni1) + b [db (41, Tpga) + dp(Tny2, Tm)]
=bdy (Tns Trs1) + 07 dy(Tpg1, Tnga) + -
+ 0™ dy (T2, Tin—1) + db(Tm—1, T,

jbh”mo + thn+1m0 R bmfnflhm72mo + bmfnflhmflmo.

m—n—1
_ 71 n+i—1 m—n—13m—1
= ; b'h mg + b h myo (2.32)
mnl L n4i-1 42 L m—1 m-—n—-1 29
= Y |mgn b 4 mEhT T b |
i=1
m—n—1

<lmoll >~ IRI" BB La + [[mol AN [ Rb] ™" 1
i=1
_lmollli2f" 2 1]
1 — [[ho]]

Lo+ [|Mol[[2 " A6l ™" 1
—0a (as m,n — o0).
Hence {z,} is a Cauchy sequence in X. Similarly, we can prove that {y,}, {z,} and {¢,} are
also a Cauchy sequence in X. Since (X, A, dp) is complete, we see that {z,} {yn}, {2z} and {¢,}
converge to some u € X, v € X, w € X and s € X respectively. In the following, we will show
that T'(u,v,w,s) =u, T(v,w, s,u) =v, T'(w, s,u,v) =w and T(s,u,v,w) = s. By [2.21} we get
db (T(U, v, w, 5)7 U) jb[db (xn+17 T(U, v, w, 8)) + db(xn-‘rla U’)]

=b[dy (T(2n, Y, 2ns ), T, v, w0, ) + dy(Tng1, u)]

(2.33)
jbaldb(T(zn,yn, zn,tn),u) + bagdb(T(u,v,w, s),xn) + bdp(zpy1,u)
<bardp(Tni1,u) + bazdy (T(u7 v,w, S), xn) + bdp(Xpt1,u).

Thus
||db(T(ua v, w, 5)7 u) H
< ||ba1||Hdb(xn+1,u)H + ||ba2||Hdb(T(u,v,w, 8),l‘n)H + ||bHHdb(a:n+1,u)H (2.34)

— ||ba2||Hdb(T(u,v,w7s)7u)“, n — oo.

Since 04 =< bag = (a1+az)b , we have [lagb|| < [|(a1+a2)b|| < 1 by Lemma[7j(6). This and[2.34)imply
that ||dp(T (u,v,w,s),u)|| = 0. Hence T(u,v,w,s) = u . Similarly, we obtain T'(v,w, s,u) = v,

T(w,s,u,v) =w and T(s,u,v,w) = s . Thus (u,v,w, s) is a quadrupled fixed point of T. Now if
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(u*,v*,w*, s*) is another quadrupled fixed point of T, then
0p jdb(u,u*) = db(T(u7v7w,s),T(u*,v*,w*,s*))
=ardy (T (u, v, w, s),u*) + asdy (T (u*,v*, w*, s*),u) (2.35)
=ardy (u, u*) + azdy (v, u) = (a1 + az)dy (u, u*),

so, we get

1

0 < (.07} < s +- [ (.07} | <

()| < ()], 230

which implies that ||dp(u,u*)|| = 0, then we have u = «* . Similarly, we can get v = v*, w = w*
and s = s* . Hence, the quadrupled fixed point is unique. Moreover, we will prove the uniqueness

of fixed points of T. By 221 we have

dp(u,v) =dy (T(u, v,w, s),T(v,w, s,u))

(2.37)
jaldb(T(u,v,w, s), v) + agdb(T(v,w, s, u), u) = (a1 + az)dp(u,v),
similarly we can show that
db('U, ’lU) :db (T(Uy w, s, U), T(w7 S, U, U))
(2.38)
jaldb(T(v,w, s, u)7w) + agdb(T(w, s,u,v),v) = (a1 + az)dp(v, w),
dy(w, s) =dy (T (w, s,u,v), T(s,u,v,w))
(2.39)
jaldb (T(IU, S, U, U)7 S) + CLde (T(Sv u, v, ’IU), ’U)) = (a‘l + a?)db(w7 8)7
dp(s,u) =dp (T(s,u, v,w), T(u, v, w, s))
(2.40)
jaldb (T(S, u, v, U)), 7_1,) + a2db (T(ua v, w, 5)7 S) = (al + a2)db(sv u)a
then
* * 1 *
) < s+ sl )] < s )] < o) 2a)
which yields u = v = w = s. This completes the proof. |

Theorem 13. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that the map-
ping F : X* = X satisfies the following condition

d(F(z,y,z), F(u,v,w)) < ad(F(z,y, z,t),u) + bd(F (u,v,w, s), x),

for any x,y, z, t,u,v,w,s € X, where a,b € A with ||a||+|[b|| < 1. Then F has a unique quadrupled

fixed point. Moreover, F has a unique fized point in X.

Proof. Taking b =1, , becomes a special case of Theorem O
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Theorem 14. Let (X, A, dy) be a complete C* -valued b-metric space. Assume that the mapping
T : X* = X satisfies the following condition:

dy (T(x,y,z,t),T(u,v,w, s)) < a1dy (T(x,y, z,t),:c) + asdy (T(u,v,w, 5),u), (2.42)

where x,y,z,t,u,v,w,s € X and ay,ap € A/, with (||a1]| + [laz|))||b]] < 1 . Then T has a unique

quadrupled fixed point in X. Moreover, T has a unique fixed point.

Proof. Since ay,az € A/, , we see that aldb(T(m,y,z7t),m) + agdb(T(u,v,ms),u) is a positive
element. Similar to the proof of Theorem we construct {z,}, {yn}, {2} and {t,} such
that z,11 = T(Tn, Yn, 2ny tn)s Ynt1 = TUn, Zn,tns Tn) 5 Znte1 = T(zZn,tn, Tn,yn) and tp,41 =

T(tn, Tn,Yn, 2n) - By we obtain

db(ITH l’n+1) :db (T(:En—h Yn—152n—1; tn—l)a T(l‘n, Yns Zn, tn))
=aydy (T(-Tnfla Yn—1,2n—1, tn71)7 xnfl) + aady (T(Qﬁn, Yny Zn, tn)a -Tn) (243)

=a1dp(Tn, Tn_1) + a2dp(Tpt1, Tr),
which implies that
(1a — a2)dy(Tn, Tny1) = a1dp(Tn, Tn—1).

Since ay,az € A/, with [|a1 ||+ ||az|| < ﬁ <1, we have 1, —ay is invertible and (14 —a2) " ta; € A/,

Hence
dp(Tn, Tnt1) = (1a — a2) " rardy(@p, n—1).

Inductively, for all n € N | we have
db(l’n,anrl) j knm07 (244)

where k = (14 — az)~'ay and mg = dp(z1,79) . Since ar[[[b] + [laz]l < ([l + laz[DlIbl] < 1, we

have

- . b
1081 = 15 a2) st < (1 = a2) [ laa 18] = 3 sl = 1214175 < 1. 2.05)
=0
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And [[k|| < ||bk|| < 1 by Lemma [7[6). Let n,m € N with m > n , by using Definition 1.1, (2.16),
and (2.17), we have

dy (T, @) 2b[dy (0, Tpi1) + dy(Tng1, Tm)]
=bdy(2n, Tp41) + b2dy(Tnt1, Toga) + o
+ bm—n—l [db(ﬂjm—Q’ gjm_l) + db(xm—h l‘m)]

jban() 4 b2kn+lMo N bm_n_lkm_2Mo + bm_n_lkm_lMo

_ bikn+i71MO =+ bmfnflkmflMO

m—n—1 . ) ) .
=Y R T

=1

-
Il

m—n—1 ) ] B e
e e A BN 240
=1
mnt i 112 —12 —n—1,2 2
<Ml ST k) E PR P+ Mol (0k) |1
1=1
m—n—1 )
=[MolllIR™ ST [0k L + | Mol Bk k" L
=1
_y |Ibk] = k)™ o
7 2 e i Ay VA T TS
1— [[ok]]
[T — 1
el LN C R A 1 1 i 1 SN

R

—0a (as m,n — 00).

Hence {z,} is a Cauchy sequence. Similarly, we can prove that {y,}, {z,} and {¢,} are also
a Cauchy sequence. Since (X, A,dp) is complete, there are u,v,w,s € X such that z, — u,
Yn — U, 2, = w and t, — s as n — oo . In the following, we will show that T(u,v,w,s) = u,

T(w,w,s,u) =v, T(w,s,u,v) =w and T(s,u,v,w) = s. From [2.42] we get

db(T(u,v,w, s),u) jb[db (an,T(u,v,w,s)) + db($n+1,u)}

IA

b[do (T (0, Yns 20y tn), T(w, v, w)) + dy (241, )]
(2.47)

IA

b[aldb (T(Sﬁ'n, Yns Zn, t’n)7 .’17”) + a/2db (T(U, v, w, 3)7 ’LL) + db($n+1; U)]

=ba1dp(Tp+1,Tn) + baady (T(u, v, W, 8), u) + bdp(zp1,u),

which implies that

db(T(u,v,w, s), u) =< (1p — agb)*lbaldb(xnﬂ,xn) + (15 — agb)*ldb(xnﬂ,u). (2.48)
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Thus dp(T(u,v,w,s),u) = 04 . Equivalently, T'(u,v,w,s) = w . Similarly, we can obtain
T(v,w,s,u) =v, T(w,s,u,v) =w and T(s,u,v,w) = s. Now if (u*,v*, w*, s*) is another quadru-
pled fixed point of T, then

Oa jdb(u,u*) = db(T(u,v,w,s),T(u*,v*,w*,s*))

(2.49)
jaldb(T(u,v,w, s),u) + agdb(T(u*, v, w*, s*)m*) = ardp(u,u) + agdb(u*,u*) = 04,

so, we get dp(u,u*) = 04 , which yields u* = u . Similarly, we have v* = v, w* = w and s* = s.
Thus, (u,v,w,s) is the unique quadrupled fixed point of T. Finally, we will show the uniqueness

of fixed points of T. By 2.42] we have

dp(u,v) =dy (T(u7 v,w, s),T(v,w,s, u))

(2.50)
jaldb (T(ua v, w, S), U) + (Lde (T(’Ua w, S, 7.14)7 U) = OAv
similarly we can show that
db('U, TU) :db (T(’U, w, s, U), T(w7 s, u, U))
(2.51)
<aidp (T(U,w, s, u),v) + aodp (T(w, s,u, v),w) = 0p,
db(w, s) =dy (T(w> S, U, U)v T(Sa u, v, w))
(2.52)
=aridp (T(w, s,u, v),w) + aody (T(s, u, v, W), s) =04,
dy(s,u) =dp(T(s,u,v,w), T(u,v,w,s))
(2.53)
jaldb (T(Sv u,v, 'LU), 5) + (Igdb (T(ua v, w, S)? U) = OAv
which implies that u = v = w = s.
O

Theorem 15. Let (X, A,d) be a complete C*-algebra-valued metric space. Suppose that the map-
ping F : X* — X satisfies the following condition

d(F(z,y,z,t), F(u,v,w,s)) = ad(F(z,y, z,t),x) + bd(F (u,v,w, s),u),

foranyx,y,z, t,u,v,w,s € X, where a,b € Ay with ||a|]|+|b]| < 1. Then F has a unique quadrupled
fixed point. Moreover, F has a unique fized point in X.

Proof. Taking b = 1,, becomes a special case of Theorem O
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3. APPLICATION

As an application of quadrupled fixed point theorems on complete C* -algebra-valued b-metric
spaces, we prove here the existence and uniqueness of a solution for a Fredholm nonlinear integral
equation. Let E be a Lebesgue-measurable set with m(E) < co and X = L>°(E) denote the class
of essentially bounded measurable functions on E. Consider the Hilbert space L?(E) . Let the
set of all bounded linear operators on L?(E) be denoted by B(L?*(E)). Obviously, B(L*(E)) is a
C*-algebra with usual operator norm. Let K, Ky, K3, K4 : E* — R |, assume that there exist four
continuous functions f1, fo, f3, f+ : E* — R and a constant o € (0, %) such that for all z,y € X

and u,v,w,s € E , we have

|K1(u,0,w,8,3(v)) = K1 (u,0,w,8,9(0))| < a|fi(u,v,w,s)|[zv) = y(v)], (3.1)
| Ko (u, 0,0, 5,2(0)) = Kz (u,0,w,8,y(v)| < af fa(u,v,w, 5)|[2(v) = y(v)], (3.2)
| K3 (u,v,w, 8,2(v)) — Ks(u,v,w,8,y(v))| < a|fs(u,v,w,s)||x(v) —y(v)], (3.3)
| Ky (u, 0,0, 5,2(0)) — K (u, 0,0, 5,9(0))| < al fa(u,v,w, )| [z(v) - y(v)], (3.4)

Example 16. Consider the integral equation
z(t) = / (K1 (muw,s,x(v)) + Ko (u,v,w,&x(v)) + K3 (u,v,w,s,x(v)) + K4(u,v,w, s,x(v))) dv,(3.5)
E

where u,v,w,s € E.

Assume that[31], [3.9 [3-3 and[34 hold. Moreover, if

sup/|f1(u7v,w,s)’dv§ 1, sup/|f2(u,v,w,s)|dv§1,
u€EE JE veEE JE

sup/|f3(u,v,w,s)‘dv§ 1, sup/|f4(u,v,w,s)’dv§ 1
E E

weE seE

then the integral equation has a unique solution in L>*(E) .
Proof. Define dy, : X x X — B(L?*(E)) as follows:
do(f,9) = T(5-g)2,
where 7, : L2(E) — L?(E) is the product operator given by
mn(u) =h-u foru € L*(E).

Working in the same lines as in [I5], Example 3.2, we easily see that (X, B(L?(E)), dy) is a complete
C* -valued b-metric space with b=2-1p2(g)) . Let T': X* = X be

T(x1, 29, 23,24)(t) = / (Kl(t,s,r,w,xl(s))—l—Kg(t,s,r,w7x2(s))+K3(t,s,r,w7x3(s))+K4(t,s,r,w,m(s)))ds,
E
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where ¢, s,r,w € E. Then by 3.1} [3:4 and 3:6] we obtain

Hdb(T(xl,xg,xg,ac4),T(u1,uQ, 7.L3,U4)) ||

= Sup <7T\T(z,y,z)7T(u,v,w)\p7p> for every p € LQ(E)

llpll=1
= sup /|T(£L’1,1’2,$3,(£4)_T(Ul,UQ,U3,U4)|2p(t)mdt
llpll=1/E
2
2
<4 “391”11:)1/]2[/E‘Kl(ts,r,w,xl(s)) —Kl(t,s,r,w,ul(s))‘ds ’p(t)’ dt 57
- 12
+4 sup / /|Kg(t,8,7“,w,x2(s))—Kg(t,s,r,w,ug(s)ﬂds |p(t)|2dt
lpl=1/EL/E .
_ 12
+ 4 sup / /|K3(t,s,r,w,:r3(s))ng(t,s,r,w,u;;(s)ﬂds |p(t)|2dt
lpl=1J/EL/E _
_ 12
+4 sup/ /|K4(t,s,r,w,x4(s)) —K4(t7s7r7w,U4(s))|ds |p(t)|2dt
lpl=1/EL/E .
2
S4|21|1£)1/Ea2 [/E’fl(t,s,r,w)Hxl(s)—u1(5)|ds |p(t)|2dt
- 12
+4 sup /a2 /|f2(t,s,r,w)Hx2(s)qu(s)|ds ’p(t)fdt
lpll=1JE U/E i
i S (3.8)
+4|21|1£1/Ea2 _/E‘fg(t,s,nw)ng(s) — uz(s)| ds_ ’p(t)’2 dt
- 12
+4|21|1£)1/Eoz2 -/E‘f4(t,s,r,w)Hx4(s) - u4(s)‘ ds_ ’p(t)’2 dt
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<402 sup / [/E|f1(t,s,'r,w)|dsr|p(t)|2dt~H(:rlu1)2|

lpll=1JE

o0

- 12

+&fsm>/ /ﬁﬁ@smmmds ()] dt - || (2 — us)?]|_
lpll=1/ELJE J

- 12

e sw [ [ [ |t ds] o) - e - w?].
lpll=1

192

+ 40 sup / /}f4 (t s,r,w)|d5 |p(t)|2dt- ||(:E4*U4)2HOO
E

lIpll=1

<4a? [/ t, 8,7, d]~ / dt - -
<4a”® sup E|f( srw)| S sup ’P ’ 551 ul) ||oo (3.9)

tek ||PH 1

+ 402 sup /’fg(t,s,r,w)‘ds - sup /|p 2dt- 2—U2)2HOO

teE|JE [|pll=1

+ 4a? sup /|f3(t,s,r,w)|ds - sup /|p | dt - 37113)2”0o
teEJE lIpll=1

+ 402 sup /|f4(t,s,r,w)|ds - sup /|p 2dt- (24 — ug)? ||OO
teEJE lIpll=1

<da?([[(e1 — )|l + (w2 = u2)?[l o + [|(@s = ws)?[[ o + [|(@a = wa)?|l,,)

=402 dy(x1,u1) + 4’ dy(wa, uz) + 4o dy (3, us) + 4a’dy (g, ug).

Set a = 2alp(12(p)) , then a € B(L*(E)) and |jal| = 20 < § = ﬁ . Hence, all the conditions
of Theorem hold. Applying Theorem we see that the integral equation |3.5 has a unique
solution in L (E).

O

Example 17. Suppose that H is a Hilbert space, L(H) is the set of linear bounded operators on
H. LetAl,AQ,...,An,...,Bl,BQ,...,Bn,...Cl,CQ,...,Cn,...Dl,DQ,...,Dn,"' € L(H) which
satisfy 322, (|| Anll + || Bull + ICull + |1Dnll) <1 and Q € L(H)+. Then the operator equation

X -2 (Ar XA, +B:XB, +C:XC,+D:XD,)=0Q
has a unique solution in L(H).

Proof. Set a = (2224||An+ Bpn+Ch + Dy||)P with p > 1, then ||| < 1. Without loss of generality,
one can suppose that o > 0. Choose a positive operator T' € L(H). For X1, Xo, X5, X4 € L(H)

and p > 1, set
d(X,Y)=|X - Y|PT.
Then d(X,Y) is a C*—algebra-valued b-metric and (L(H), d) is complete since L(H) is a Banach

space. Indeed, it suffices to check the third condition of Definition [f] as follows. Suppose that
X,)Y,Z € L(H) and set U = X — Z,V = Z — Y. Using the well-known inequality (a + b)P <
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(2max{a,b})P < 2P(a? + b7) for all a,b > 0, we have

X =Y|" = U+ V]p< U+ VI

IA

20([[0P +IVIP)

20(|X = 2P +11Z = Yp),

which implies that
d(X,Y) < Ald(X, Z) + d(Z,Y)],

where A = 2PI. Consider the map F : (L(H))* — L(H) defined by

F(Xy, X, X3, Xa) = 302 (| Anll + 1 Ball + [Cnll + [|1Dnll) + @Q

Then
d(F (X1, X5, X3, Xy), F(Uy, Us, Us, Uy))
= ||F(X1,X2,X3,X4) — F(U1,Us,Us, Uy)||PT
= [|Z521 (AL (X1 = Ur)An + By (X2 — U2) By + C (X5 — Us)Cy) + Dy (Xa — Us)Cy) |IPT
< IERL AR (X = U)AR[]P + 1552, B (X2 — U2) By ||
HIEL1 Cr(Xs = Us)Co|PT + (|22, Dy (Xa — Ua)Co||PT
< Rl AnlPP X = UillP + S5 (1Bl X2 — Ua|?
I |CalIPP | X5 = Us|[P + 202, | D || X — Ualf?
< QP(d(X1,Uy) +d(Xa, Us) + d(X3,Us) + d(X4,Uy))

= (aI)*(d(Xl, Ul) + d(XQ, UQ) + d(Xg, Ug) + d(X4, U4))(OLI)

Using Theorem there exists a unique quadrupled fixed point X in L(H). Furthermore, since
Y0 (A XA, + B XB, +C:XCp,+ D:XD,)+ Q is a positive operator, the solution is a
Hermitian operator.

O
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